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1. Introduction

Let G be a finite abelian group, S a sequence in G and Σ(S) the set of sums
of non-empty subsequences of S. A huge variety of representation problems for
special classes of sequences or subsets of G have been investigated. Thereby special
emphasis has been laid on zerofree sequences i.e., sequences with 0 6∈ Σ(S). Of
course all kinds of representation problems for zerofree sequences (resp. zerofree
subsets) are highly related to the structure of such sequences. In this paper we deal
with the following two problems.

Firstly, what can be said about the maximal multiplicity of elements in long
zerofree sequences? This problem was first tackled for cyclic groups by Erdős et
al. in the seventies [1]. In particular, this is related to a question of Erdős and
Heilbronn (cf. section 3) who asked for the maximal size of zerofree subsets in G
(cf. [3] and the paper of Hamidoune and Zémor [6] for recent progress). We prove a
result for general finite abelian groups which enbetters the old result if the sequence
is not too long (Theorem 3.4 and Corollary 3.5).

Secondly, what can be said about the order of elements in long zerofree se-
quences? A current motivation for this question stems from the theory of non-
unique factorization (the interested reader is referred to [5], Theorem 5.5). Fur-
thermore, a recent conjecture states that every minimal zero sequence S in a finite
abelian group G with length |S|=D(G), where D(G) is Davenport’s constant, con-
tains an element whose order equals the exponent of G (cf. section 6 in [4]). Using
our answer to the first question we show that every zerofree sequence S in a cyclic
group of order n with |S|≥ n+3

2 contains an element of order n (see Theorem 4.1).

Mathematics Subject Classification (1991): 11B50, 11B75

* The first author hold an Austrian Lise Meitner Fellowship (Project-Number M00397-MAT)

and would like to thank the FWF for all the assistance.

0209–9683/98/$6.00 c©1998 János Bolyai Mathematical Society



520 WEIDONG GAO, ALFRED GEROLDINGER

2. Preliminaries

Notation and terminology will be consistent with the one used in [4]. For conve-
nience we give a brief review. Throughout, finite abelian groups will be written
additively and for n∈N+ let Cn denote the cyclic group with n elements.

Let G be a finite abelian group. Then F(G) denotes the free abelian monoid

with basis G, the elements of which are called sequences (in G). Let S=
∏l
ν=1 gν

be a sequence. Then it has a unique representation in the form

S =
∏
g∈G

gvg(S) ∈ F(G)

where vg(S) ∈N is called the multiplicity of g ∈ S. We say that S contains some
g ∈ G, if vg(S) ≥ 1. Furthermore, |S| = l =

∑
g∈G vg(S) ∈ N is called the length

of S. The empty sequence is just the identity in F(G) and has length zero. A
sequence T ∈F(G) is called a subsequence of S, if vg(T )≤ vg(S) for every g ∈G.
The monoid homomorphism ι :F(G)→G maps S to the sum of its elements i.e.,

ι(S)=
∑l
ν=1 gν =

∑
g∈G vg(S)g∈G. As usual,

Σ(S) = {ι(T ) | T a non-empty subsequence of S}
denotes the set of sums of non-empty subsequences of S. We say that the sequence
S is

squarefree, if vg(S)≤1 for every g∈G,

zerofree, if 0 6∈Σ(S),
a zero sequence, if ι(S)=0.
a minimal zero sequence, if it is a zero sequence and each proper subsequence

is zerofree.
Davenport’s constant D(G) is defined as

D(G) = max{|S| | S is a minimal zero sequence in G} ∈ N+.

A group homomorphism ϕ : G → H extends to a monoid homomorphism
ϕ :F(G)→F(H) with ϕ(S)=

∏l
ν=1ϕ(gν).

3. On the maximal multiplicity of elements

Let G be a finite abelian group and S=
∏l
ν=1 g

kν
ν a zerofree sequence with pairwise

distinct elements gν and with k1≥ . . .≥kl≥1. We try to find lower bounds for k1,
the maximal multiplicity of an element occuring in S. The groups we have in mind
are groups where the exponent is large in comparision to the group order, hence
in particular cyclic groups. For general groups nothing more than k1 ≥ 1 can be
achieved (cf. [4]).
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To get a first rough bound, let us recall that there is some c≤3 such that every
squarefree zerofree sequence T ∈F(G) has length |T |≤c

√
|G| (This is due to Olson

[8]; cf. the introduction in [6]). Therefore, we have l≤c
√
|G| and |S|≤k1l implies

that

k1 ≥
|S|

c
√
|G|

.

Hence, if G=Cn and |S|≥ n+3
2 than k1≥ n+3

4
√
n

. The following approach will yield

a substantially better result (cf. Corollary 3.5).

Lemma 3.1. Let G be a finite abelian group.

1. Let A,B ⊆G with 0∈A, 0∈B be subsets such that a+ b= 0 , a ∈A, b∈B
implies that a=b=0. Then |A+B|≥|A|+ |B|−1.

2. Let S ∈ F(G) be a zerofree sequence, r ∈ N+ and S1, . . . ,Sr non-empty se-
quences such that S=S1 . . .Sr. Then |Σ(S)|≥

∑r
i=1 |Σ(Si)|.

Proof. 1. see [7].
2. Obviously, it suffices to prove the assertion for r = 2. Then the general

case follows by induction. Hence suppose S = S1S2. Set A = Σ(S1)∪ {0} and
B=Σ(S2)∪{0}. Then A+B \{0}⊆Σ(S1S2) and 1) implies that

|Σ(S1S2)| ≥ |A+B| − 1 ≥ |A|+ |B| − 2 = |Σ(S1) + |Σ(S2)|

Let G be a finite abelian group, ∅ 6=G0⊆G a subset and k∈N+. Define

f(G0, k) = min{|Σ(S)|
∣∣S ∈ F(G0) is a squarefree, zerofree sequence with |S| = k}

and set f(G0,k) = ∞, if there are no sequences in G0 of the above form. By
definition, we have f(G0,k)≥k.

Lemma 3.2. Let G be a finite abelian group and k∈N+.

1. f(G,1)=1 and f(G,2)=3,

2. f(G,3)≥5,

3. If G is cyclic and G0⊆G a subset not containing an element of order 2, then
f(G0,3)≥6,

4. f(G,k)≥2k for k≥4,

5. f(G,k)> 1
9k

2.

Proof. 1. Obvious.
2. and 4. see Theorem 4 and 5 in [2].
3. see Lemma 2 in [1].
5. see Theorem 3.2 in [8].

The following result was proved by Bovey, Erdős and Niven in [1].
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Lemma 3.3. Let G=Cn with n≥4 and S∈F(G) a zerofree sequence with |S|≥ n+1
2 .

Then there exists some g∈G with vg(S)≥2|S|−n+1.

Theorem 3.4. Let G be a finite abelian group, G0 ⊆ G a subset, k ∈ N+ and

S∈F(G0) a zerofree sequence. If |S|≥
( |G|−k
f(G0,k)

+1
)
k, then there exists some g∈G

with

vg(S) ≥ |S|
k − 1

− |G| − k − 1
(k − 1)f(G0, k)

.

Proof. Let t∈N+ be maximal such that there are t squarefree sequences A1, . . . ,At
with k= |A1|= . . .= |At| and

S = A1 . . . At · T
where T =

∏d
i=1 g

ui
i with u1≥ . . .≥ud≥1 and g1, . . . ,gd pairwise distinct. We fix a

choice of A1, . . . ,At , T such that d is maximal.

If t≥ |G|
f(G0,k)

, then by Lemma 3.1

|Σ(S)| ≥
t∑
i=1

|Σ(Ai)| ≥ tf(G0, k) ≥ |G|,

a contradiction to the zerofreeness of S.

If t= |G|−m
f(G0,k)

with 1≤m≤k, then

|T | = |S| − kt ≥
(
|G| − k
f(G0, k)

+ 1
)
k − |G| −m

f(G0, k)
k =

(
1− k −m

f(G0, k)

)
k

whence

|Σ(S)| ≥
t∑
i=1

|Σ(Ai)|+ |Σ(T )|

≥ tf(G0, k) + |T |

≥ |G| −m+
(

1− k −m
f(G0, k)

)
k

≥ |G|+ (k −m)
(

1− k

f(G0, k)

)
≥ |G|,

a contradiction. Therefore we infer that

tf(G0, k) ≤ |G| − k − 1.

Assertion. Let i∈{1, . . . ,d} with ui≥2. Then vgi(Aj)≥1 for every 1≤j≤ t.
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Proof. Assume to the contrary, that there is some j ∈ {1, . . . , t} with vgi(Aj) = 0;
say j=1. The maximality of t implies that d<k= |A1|. Hence there is some g∈G
with vg(A1)≥1 but g 6∈{g1, . . . ,gd}. Defining

A1
′ = g−1giA1

we infer that

S = A1
′A2 . . . Atg

u1
1 . . . g

ui−1

i−1 gui−1
i g

ui+1

i+1 . . . gudd · g,

a contradiction to the maximality of d.
Suppose that

u1 ≥ . . . ≥ uh ≥ 2 and uh+1 = . . . = ud = 1.

Since d<k and

|T | = |S| − kt ≥
( |G| − k
f(G0, k)

+ 1
)
k − k

( |G| − k − 1
f(G0, k)

)
> k,

it follows that h≥1. Setting

τ =
h∑
i=1

vgi(S)

the assertion implies that

τ ≥ ht+
h∑
i=1

ui.

Therefore there is some g∈{g1, . . . ,gh} with

vg(S) ≥ τ

h
≥ 1
h

(
ht+

h∑
i=1

ui

)

=
1
h

|S| − d∑
i=h+1

ui − (k − h)t


=

1
h

(|S| − (d− h)− (k − h)t)

=
1
h

(|S| − kt) + t+
(

1− d

h

)
≥ 1
k − 1

(|S| − kt) + t

=
|S|
k − 1

− t

k − 1
≥ |S|
k − 1

− |G| − k − 1
(k − 1)f(G0, k)

.
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Corollary 3.5. LetG=Cn with n≥4 and S∈F(G) a zerofree sequence. If |S|≥ n+3
2 ,

then there exists some g∈G with

vg(S) ≥ max
{

2|S| − n+ 1 ,
|S|
2
− n− 4

12
}
≥ n

6
+

13
12
.

Proof. One part follows from Lemma 3.3. For the remaining part set G0 = {g ∈
G|vg(S)> 0}. Assume to the contrary that G0 contains an element g0 of order 2.
Then n is even and we consider the canonical homomorphism ϕ :Cn→Cn/2. Since

|g−1
0 S| ≥ n

2 + 1
2 there exists a proper subsequence T of g−1

0 S such that ϕ(T ) has
sum zero. This implies that g0T is a proper zero subsequence of S, a contradiction.

Therefore Lemma 3.2 implies that f(G0,3)≥6 and we apply Theorem 3.4 with
k=3. Since

|S| ≥ n+ 3
2
≥
( n− 3
f(G0, 3)

+ 1
)
· 3

Theorem 3.4 yields that there is some g∈G with

vg(S) ≥ |S|
2
− n− 4

2f(G0, 3)
≥ |S|

2
− n− 4

12
≥ n

6
+

13
12
.

We give an example where the above inequality cannot be improved. Let
2≤k∈N+,n=6k+1 and

S = (1 + nZ)k+2(2 + nZ)k+2(3 + nZ)k−2 ∈ F(Z/nZ) .

Then S is zerofree with |S|= n+3
2 and v1+nZ(S)= 2n+22

12 .

4. On the maximal order of elements

Theorem 4.1. Let G=Cn be a cyclic group of order n≥4 and S∈F(G) a zerofree

sequence of length |S| ≥ n+3
2 . Then S contains some element g ∈ G of order n.

Moreover, if gcd(6,n)=1, then vg(S)≥ n
6 + 13

12 .

Lemma 4.2. Let G=Cn with n≥3 , S∈F(G) a zerofree sequence and m a divisor
of n. Let S1 be the maximal subsequence of S such that ord(g)| nm for all g ∈ G
with vg(S1)>0. Then |S1|< n−|S|

m−1 .

Proof. Let ϕ :Cn→ Cm denote the canonical epimorphism. Then Ker(ϕ) = {g ∈
G | ord(g)| nm} and S = S1S2 where S1 ∈ F

(
Ker(ϕ)

)
and S2 ∈ F

(
G \Ker(ϕ)

)
.

Set S2 = T1 . . .TkT
′ such that all ϕ(Ti) are minimal zero sequences in Cm and
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ϕ(T ′) is zerofree in Cm. Then |T ′| ≤ m− 1 and for every 1 ≤ i ≤ k we have
ϕ
(
ι(Ti)

)
= ι
(
ϕ(Ti)

)
=0 whence ι(Ti)∈Ker(ϕ). Therefore

S1ι(T1) . . . ι(Tk)

is a zerofree sequence in Ker(ϕ)∼=Cn/m whence

|S1|+ k ≤ n

m
− 1.

Since k≥
[ |S|−|S1|

m

]
we infer that

|S1| ≤
n

m
− 1− k < n

m
− 1−

( |S| − |S1|
m

− 1
)

=
n

m
− |S| − |S1|

m

and thus

|S1| <
n− |S|
m− 1

.

Proof of Theorem 4.1. By Corollary 3.5 there exists some g ∈G with l= vg(S)≥
n
6 + 13

12 . Since S is zerofree, this implies that ord(g)= n
m for some m∈{1, . . . ,5}. If

m=1, then we are done.
Assume to the contrary that m∈{4,5}. Then by Lemma 4.2 we infer that

2n+ 13
12

≤ vg(S) <
n− |S|
m− 1

≤ n− 3
2(m− 1)

,

a contradiction.
Hence it remains to consider the cases that m∈{2,3}. Assume to the contrary

that S contains no element of order n. Since there is an automorphism ϕ :Cn→
Z/nZ with ϕ(g)=m+nZ, we may suppose that

S = (m+ nZ)l
r∏
i=1

(mai + nZ)
s∏
i=1

(bi + nZ)m
m−1∏
i=1

S(i)

where, for 1≤ i≤m−1, S(i) =
∏ti
ν=1(mc(i)ν + i+nZ), r,s, ti ∈N, ai, bi, c

(i)
ν ∈Z,m-bi

and no element in S(i) occurs more than (m−1) times. If there is some i∈{1, . . . ,s}
such that mbi+nZ=m+nZ, then bi+nZ∈{j nm +1+nZ | 0≤ j≤m−1} whence
ord(bi+nZ)=n, a contradiction. Thus it follows that mbi+nZ 6=m+nZ for every
1≤ i≤s.
Case 1: m=3. Obviously, we can write S(j) as

S(j) = S
(j)
1 . . . S

(j)
uj d

(j)
1 . . . d

(j)
vj
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with uj =
[
tj−1

3

]
,1≤ vj≤3, |S(j)

i |= 3 and ι(S(j)
i ) 6= 3+nZ. Furthermore, there are

T,T ′ such that

d
(1)
1 . . . d

(1)
v1 d

(2)
1 . . . d

(2)
v2 = TT ′

where |T |∈{0,2},3+nZ 6= ι(T )∈〈3+nZ〉 and |T ′|≤4. Then

W = (3 + nZ)l
r∏
i=1

(3ai + nZ)
s∏
i=1

(3bi + nZ)
u1∏
ν=1

ι(S(1)
ν )

u2∏
ν=1

ι(S(2)
ν )ι(T )

is a zerofree sequence in H=〈3+nZ〉<Z/nZ with |W |≥ l+ |S|−l−4
3 and v3+nZ(W )=

l. Since |H|+1
2 ≤ l ≤ |W |, Lemma 3.3 implies that there is some h ∈ H with

vh(W ) ≥ 2|W |− n
3 + 1. Because 2|W |− n

3 + 1> |W |− l we infer that h= 3 +nZ.
However,

v3+nZ(W ) = l < 2
(
l+
|S| − l − 4

3

)
− n

3
+ 1 ≤ 2|W | − n

3
+ 1 ,

a contradiction.

Case 2: m=2. Obviously,

S(1) = S
(1)
1 . . . S

(1)
u1 d

(1)
1 . . . d

(1)
v1

with 0≤v1≤1, |S(1)
i |=2 and ι(S(1)

i ) 6=2+nZ. Then

W = (2 + nZ)l
r∏
i=1

(2ai + nZ)
s∏
i=1

(2bi + nZ)
u1∏
ν=1

ι(S(1)
ν )

is a zerofree sequence in H=〈2+nZ〉<Z/nZ with |W |≥ l+ |S|−l−1
2 and v2+nZ(W )=

l. Since |H|+1
2 ≤ |W |, Lemma 3.3 implies that there is some h∈H with vh(W )≥

2|W |− n
2 +1≥ l+ 3

2 . Thus W has a subsequence W ′= (2+nZ)l(2a+nZ)l+2 with
a∈{2, . . . , n2 −1}. However, W ′ is not zerofree, a contradiction.
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